We present the reconstruction method of f (R) gravity for the homogeneous and anisotropic Bianchi-I spacetime, which was previously formulated only for homogeneous and isotropic FLRW spacetime. We argue in this paper that for anisotropic spacetimes, the total anisotropy behaves as an independent metric degree of freedom on top of the average scale factor in f (R) gravity. This is not like GR, where specifying the form of the average scale factor as a function of time also specify the total anisotropy as a function of time uniqely. We link this peculiar fact to an interesting intertwining between the definition of Ricci scalar for anisotropic metric and anisotropy evolution equation in f (R) gravity. Consequently, specifying an anisotropic solution of f (R) gravity implies specifying both the average scale factor and the total anisotropy as functions of time. The reconstruction method hence formulated is applied to two scenarios where anisotropy suppression is important, namely, a quasi de-Sitter expansion as required in inflation, and a power law contraction as required in ekpyrotic bounce models.
Introduction
The present universe is spatially homogeneous and isotropic in large scales to a high degree of accuracy as far as the observational evidences go, and can be very well approximated by the Friedmann-Lemaitre-Robertson-Walker (F LRW ) metric. Still, possibility of some amount of spatial anisotropy in some early epochs of the universe cannot be ruled out. In fact, any 'good' physical theory must be general enough in nature so that the homogeneous and isotropic universe arises as an attractor solution in the phase space of more general solutions. Even if the initial spacetime is anisotropic, there must be some mechanism of anisotropy suppression in the theory one considers. We try to tackle the problem in the reverse way. Provided that an anisotropy suppression occurs, we present a formalism to reconstruct a 'good' theory of gravity.
Usually any pre-existing anisotropy is assumed to be small and incorporated only as cosmological perturbations in the metric. Small metric anisotropy has traditionally been analyzed by the techniques of dynamical system analysis applied to cosmology (for example, see references [1] [2] [3] [4] [5] ). A realistic isotropic cosmology must be dynamically stable with respect to small anisotropic perturbations. In other words a realistic isotropic cosmology must arise as an attractor solution. This approach has found huge application in the field of inflationary cosmology [ [6] [7] [8] [9] ]. A great example is the cosmic no hair conjecture, which states that the de-Sitter solution must be an attractor solution under general relativistic dynamics for all homogeneous anisotropic models. Wald has been able to prove it for all Bianchi models except Bianchi-IX (see [10] ). Attractor nature of the de-Sitter solution has also been studied in Starobinski's inflationary scenario, which incorporates R + αR 2 gravity [11] [12] [13] . Another area where an isotropization mechanism becomes important is in the context of bouncing scenario [14] [15] [16] [17] , which is an alternative to inflation. It is well known that in GR spatial anisotropy evolves as a −6 . So in an expanding universe, anisotropy dies out quickly, but in a contracting universe, anisotropy actually grows large with time, which, if not suppressed, might foil a subsequent bounce. This is the case of well known BKL instability [18] . To restore the situation in the context of GR, usually an ekpyrotic phase dominated by some ultrastiff matter component is invoked. An ultrastiff matter component has an equation of state greater than unity, so in a contracting universe the energy density of the ultrastiff matter grows faster than the anisotropy, and effectively suppresses it. Considering gravity theories beyond GR, evolution of anisotropy in a contracting universe has some interesting characteristics for R + αR 2 gravity, which has recently been studied in [19] .
In this paper also we deal with metric anisotropy in f (R) gravity, but we take a different approach. We assume a Bianchi-I model with some specific form of the average scale factor together with some anisotropy that is getting exponentially suppressed with respect to the average Hubble parameter. We then show that, given the equation of state parameter of the dominant matter contribution, it is possible to reconstruct the f (R) gravity. Although getting a compact form of f (R) may not be always be possible, nevertheless it is possible at least to reconstruct the function f (R) term by term in a systematic manner. Reconstruction method of f (R) gravity has been used previously in literature for realizing some specific cosmological evolutions in the isotropic F LRW case [20] [21] [22] [23] [24] [25] .
The paper is organized as follows. In section 2, we briefly review the reconstruction method of f (R) gravity for the isotropic case, followed by it's application to toy models of matter bounce and inflation in section 3. In section 4, we formulate the reconstruction method of f (R) gravity in presence of metric anisotropy, followed by it's application to the case of a power law contraction (mimicking a pre-bounce ekpyrotic phase) and a quasi de-Sitter expansion (mimicking an inflation) in section 5. Next we conclude with some discussion of the behavior of anisotropy in f (R) gravity and the and it's relevance to the present method.
Reconstruction method for isotropic case
Let us briefly review the reconstruction method of f (R) gravity for the homogeneous and isotropic FLRW metric
where symbols carry the usual meanings. The equations of it's dynamics under f (R) gravity in presence of an isotropic fluid are
where in the above equations
Here an overdot denotes time derivative and prime denotes derivative with respect to R. In the above, note that, once we know the form of the function f (R), there are a total of three functions of time, H(t), ρ(t), p(t) that governs the dynamics. Existence of the two constraint equations 2 and 4 implies that only one of these three functions is independent, while the other two can be determined using the constraint equations. For example, given a form of f (R), we can use the constraint equations to write the dynamical equation 3 as a differential equation in only one single function H(t). Once we solve for the function H(t), the functions ρ(t) and p(t) can be found using the two constraint equations.
However, there may be cases when the form of f (R) is not known a-priori. Given some value of the parameter ω, we would like to derive a suitable form of f (R) so as to realize a particular solution a(t). This program, i.e., specifying the solution a(t), the value of the parameter ω and finding the form f (R) that can realize this as a solution is called the reconstruction method. For the isotropic case it works as follows. Using the definition of ρ curv as in equation 6, the constraint equation 2 can be written as a differential equation for f (R),
Let us define N ≡ ln a(t), where the scale factor a(t) is a known function of time. This relation can be inverted to give t = t(N ). We have then the following,
Let
Equation 12 can be inverted to yield N (R). Then the equation 8 can be re-written as
For vacuum situation the R.H.S. of the above equation vanish. So the equation becomes homogeneous and solving it becomes relatively easier.
Examples for isotropic case
In this section the reconstruction method of f (R) gravity for isotropic case, as discussed in the previous section is applied in a bouncing scenario and in a quasi de-Sitter inflationary scenario.
Exponential bounce model :
Reconstruction of f (R) gravity for this model has been done in [22] . For this model,
The reconstruction equation becomes
If the matter contribution can be neglected, then the above equation admits two polynomial solutions as follows,
where L a n (x) is the generalized Laguerre polynomial. An R 2 theory with a negative coefficient of R 2 , such as the first one, was shown to produce bouncing solutions in [26] . A general solution would be a linear combination of the two solutions shown above. The matter contribution usually can not be neglected in a matter bounce scenario. In that case equation 21 is inhomogeneous and finding the compact form of a particular solution becomes much more complicated. Nevertheless, an approximate compact form of f (R) can be obtained in the limit N ≈ 0 (near the bounce) and in the limit N → ∞ (away from the bounce). Near the bounce R ≈ 12C, so that equation 21 becomes
which has the solution,
for some constant of integration C 1 . Away from the bounce R ≫ 12C, so that Eq.21 becomes
which admits a polynomial solution as follows,
In the above 'Ei(x)' denote the exponential integral function, which, for real nonvanishing values of x, is defined as
3.2 Quasi de-Sitter expansion : a(t) = e
For this model,
Concentrating only a vacuum dominated quasi de-Sitter expansion, the reconstruction equation becomes
The above homogeneous equation has two linearly independent solutions as follows,
(33) In the above 'Erf(x)' denote the error function defined as
The first of above solutions correspond to the well known inflationary model by Starobinsky [27] .
Reconstruction method in the anisotropic case
Let us now formulate the reconstruction method of f (R) gravity for the homogeneous and isotropic Bianchi-I metric.
where a(t) is the average scale factor and three functionsβ 1 ,β 2 ,β 3 characterizes the deviation from the average scale factor in the three perpendicular dimensions. The total amount of anisotropy in the metric is given by the quantitẏ β = 0, the spatial coordinates can be suitably rescaled to recast the above metric in the FLRW form. The dynamics of the above metric for f (R) gravity in presence of an isotropic fluid can be described by the following set of equations,
where ρ curv and p curv have the same definition as in the F LRW case. Note that, once we know the form of the function f (R), there are a total of six functions of time H(t), ρ(t), p(t),β 1 (t),β 2 (t),β 3 (t) governing the dynamics. Existence of the three constraint equations 35, 37, 42 implies that only three of them are independent. From the constraint equation 42, it can be concluded that only two of theβ's are independent. However, observe that both in the constraint equation 35 and the dynamical equation 36,β's appear only as the combinationβ 1 2 +β 2 2 +β 3 2 , which is the total amount of anisotropy. Consequently, we conclude that it is only the total amount of anisotropy which enters into the dynamics. It is easy to check that the quantity x defined by x 2 =β 2 1 +β 2 2 +β 2 3 obeys the a dynamical equation of the same form as obeyed by theβ i 's themselves.
The reader is advised to be careful not to confuse the quantity x(t) defined above with the notation x used to denote the spatial coordinates of the metric as in equations 1 or 34.
If we know the form of the function f (R) and concentrate only on the quantity x(t), we see that there are now a total of four functions of time H(t), ρ(t), p(t), x(t) governing the dynamics. Existence of the constraint equations 37 and 35 implies that only two of them are independent. Without loss of generality, we can choose them to be H(t) and x(t). Given some form of the function f (R), they can be determined by solving equations 36 and 43. ρ(t) and p(t) can then be found using the constraint equations 35 and 37. However, if the form of f (R) is not known a-priori, but a suitable form has to be determined so as to realize a particular solution, given a particular value of the parameter ω, then we have to formulate the reconstruction program for the Bianchi-I metric in equation 34. In this case, however, since H(t), x(t) are two independent metric degrees of freedom, specifying a particular solution implies specifying both these functions. Usually, during a particular era given by the background evolution a(t), we expect the dynamics to contain some kind of isotropization mechanism so as to match with our observed isotropic universe. In that case we can take x(t) as,
where N ≡ ln a as in the isotropic case, and the constant λ is positive in a contracting universe and negative in an expanding universe (Assuming a = 1 at time t = 0). Formulation of reconstruction method in the anisotropic case now follows the same route as in the isotropic case. Equation 35 can be recast as a second order differential equation in f (R),
If
Equation 47 can be inverted to yield N (R). Then the equation 45 can be re-written as,
Examples for anisotropic case
In this section the reconstruction method of f (R) gravity for anisotropic case as discussed in the previous section is applied in isotropization scenario during an ekpyrotic power law contraction era and a quasi de-Sitter expansion era.
Ekpyrotic contraction phase
Equation 55 is in general not invertible except for the special cases m = ., N is a very large negative quantity) . In that case the contribution from the first term in R(N ) dominates. But this is essentially the situation when anisotropy becomes negligible w.r.t. the Hubble parameter, and consequently the problem becomes essentially reconstructing the f (R) gravity for an isotropic evolution.
Concentrating on a sufficiently past epoch when the anisotropy is much larger than the Hubble parameter, equation 55 approximately becomes
which can be inverted to obtain
Therefore,
Let us define γ = 2 mλ−2 , k = 2 − 3 2 m(1 + ω). After some pretty straightforward algebra, the reconstruction equation 50 can be recast in the following form,
where the coefficients A(R), B(R) has the form
and a 0 , a 1 , b 0 , b 1 and C are parameter dependent constants having the following values
To check whether a power law solution in R exists, one must check the nature of the point R = 0 for Eq.59. Let us define
and then note that, as R → 0,
• For γ > 0, P (R) → 0, Q(R) → 0 ; R = 0 is an ordinary point.
• For −1 < γ < 0, RP (R) → 0, R 2 Q(R) → 0 ; R = 0 is a regular singular point.
• For γ = −1, RP (R) and R 2 Q(R) tends to some finite quantity ; R = 0 is a regular singular point.
• For γ < −1, RP (R) → ∞ ; R = 0 is an irregular singular point.
Therefore, in principle, for a power series solution to Eq.59 about R = 0 to exist, γ must satisfy γ ≥ −1. Since the parameters m and λ are both positive in this case, from the definition of γ, this implies m and λ has to be chosen such that λ > 2 m . Recalling that x 2 (N ) = m 2 e (λ−2/m)N , this implies that anisotropy is not only getting suppressed with respect to the Hubble parameter, but actually diminishing with time. Since γ, k and kγ not necessarily have to be integers, it is difficult to find a generic series solution about R = 0 or a polynomial solution. In the special case when the rate of anisotropy suppression is much greater than the rate of Hubble parameter increment during contraction (λ ≫ 2 m ), then γ → 0 and R ≫ 1. In this case,
and the general solutions of Eq.59 is,
where C 1 and C 2 are two integration constants. In the above 'Ei(x)' denotes exponential integral function as defined previously.
The cases m = 2 λ , 1 2 are described separately in the two following subsections.
Case
2 ) In this case, from Eq.55,
Inverting this,
and therefore
The reconstruction equation 50 becomes of the form In this case, from equation 55, we get,
and therefore,
The reconstruction equation 50 becomes of the form
where the coefficients A(R), B(R) and the constant C are,
To check whether a power law solution in R exists, one must check the nature of the point R = 0 for Eq.74. Let us define
and recall that λ > 0. It is straightforward to check that, as R → 0,
• For λ > 4, RP (R) → 0, R 2 Q(R) → 0 ; R = 0 is a regular singular point.
• For 0 < λ < 4, RP (R) → ∞, R 2 Q(R) → ∞ ; R = 0 is a irregular singular point.
Therefore for a power series solution in R to exist, λ must satisfy λ > 4. Again, finding a generic compact form of f (R) may not be possible. In the special case when the rate of anisotropy suppression is much greater than the rate of Hubble parameter increment during contraction (λ ≫ 4), then R ≫ 1. In this case,
and the general solutions is,
Quasi de-Sitter expansion : a(t) = e
For this model, N and G(N ) bears the same definition as in the isotropic case. However, in the anisotropic case,
where λ is negative in this case. Note that the above expression is not in general invertible. For small N , i.e., within a very small time from the beginning of the expansion, equation 79 is approximately invertible and we obtain,
Concentrating only a vacuum dominated quasi de-Sitter expansion, the reconstruction equation takes the form,
where c 1 , c 2 , c 3 , c 4 are model dependent constants as follows,
The Hubble slow roll parameter ǫ is defined as
. As shown in reference [28] , solving the horizon and flatness problem of the big bang cosmology requires the inflation to occur for at least 70 e-foldings, which places the lower upper bound on the Hubble slow roll parameter as ǫ 7 × 10 −3 . Taking ǫ = 7 × 10 −3 gives H 0 = 5M . Therefore,
Close to the start of the quasi de-Sitter epoch (
In this limit, equation 82 admits two linearly independent solutions which are as follows,
6 A remark on the reconstruction method
In this section we make a general remark on the reconstruction method we have used. Observe that, both for isotropic or anisotropic case, the reconstruction equation is a second order ordinary differential equation. Therefore the general solution to a reconstruction equation is of the form
where f 0 (R) is the particular integral, f 1 (R) and f 2 (R) are complimentary functions of the differential equation and C 1 , C 2 are arbitrary integration constants. The particular integral appears because of the matter contribution. When matter contribution can be neglected, the reconstruction equation is homogeneous and the general solution can be expressed as the linear combination of the complimentary functions. Let us assume that the functions f 0 (R), f 1 (R), f 2 (R) can be Taylor expanded around R = 0 as
The choice of the two integration constants C 1 and C 2 is at our hand. They can always be chosen such as to get any desired value of the cosmological constant, and to scale the coefficients such that the coefficient of R is unity. Suppose we want the f (R) obtained by solving the reconstruction equation to reduce to −2Λ + R in low curvature limit(where Λ > 0 is the cosmological constant). Then we must set
These two equations can then be solved to get the desired numerical values of the integration constant C 1 and C 2 , so that our theory successfully reduces to −2Λ + R in low curvature limit. Also observe that the above pair of linear equations in C 1 , C 2 are similar to what we would have obtained by demanding f (0) = −2Λ and f ′ (0) = 1. Therefore, when solving a reconstruction differential equation numerically, it may not even be required to find the particular integral and the complimentary functions separately. All we need is to solve the differential equation numerically by imposing the initial conditions
Discussion and conclusion
In the present work we try to extend the reconstruction technique of f (R) gravity, which was previously formulated for homogeneous and isotropic FLRW background, to the more general case of homogeneous and anisotropic Bianchi-I background. Given some specific anisotropic background solution, it is possible to reconstruct the functional form of the action f (R). We again emphasize that in general it might be hard to find a compact functional form in most of the cases, but the modifications to the Einstein-Hilbert action can at least be found term by term. It must be emphasized that in a given problem just plain application of the reconstruction method to find out a solution for f (R) is not enough. One has to check for various conditions for the physical viability of the f (R) solution obtained, viz.
Moreover, stability of the solution is another issue that needs to be dealt with. Once the f (R) gravity corresponding to an anisotropic solution is obtained, the stability of the solution under that theory of gravity can be checked using the same method as for the isotropic case (e.g.see [22] , [29] ). For the isotropic case the stability analysis is done by examining the behavior of a small perturbation δG(N ) to the background solution H 2 (N ) ≡ G(N ). We can use the Friedmann equation to check whether the the perturbed solution goes back towards the background solution asymptotically. In the anisotropic case the stability analysis will be more involved. It is to be kept in mind that for the anisotropic case both H 2 (N ) ≡ G(N ) and x 2 (N ) acts as independent metric degrees of freedom in f (R) gravity.
The form x 2 (N ) = e λN H 2 (N ) was taken only on the assumption suppression of anisotropy with respect to the average Hubble parameter. A generic perturbation to the background solution will involve both δ(H 2 (N )) ≡ δG(N ) and δ(x 2 (N )). A generic method of stability analysis of the anisotropic solutions needs to be formulated, which will be dealt with in a later publication. An important point to note here is the behavior of metric anisotropy as an independent dynamic degree of freedom of the metric. This is in stark contrast with what happens in GR. In GR once the average scale factor a(t) is given, the total amount of anisotropy x(t) in a Bianchi-I metric is uniquely determined, since we have x(t) ∼ 1 a 3 (t) . In f (R) gravity, however, even if the form of f (R) is known, the total amount of anisotropy x(t) in a Bianchi-I metric is not uniquely determined in terms of the average scale factor a(t). This is beause in f (R) gravity we have x(t) ∼ 1 a 3 (t)f ′ (R) , so that the definition of x contain R. But the definition of R for an anisotropic metric itself contain x in it, namely R = 6(Ḣ + H 2 ) + x 2 . In fact, the definitions of R and x for f (R) gravity are intertwined in such a way that, even if the functions a(t) and f (R) are known, it is impossible to find unique R(t) or x(t). Interested reader is referred to [19] for novelties of such anisotropic dynamics in metric f (R) gravity, where it was shown that, even for the very simple case of R + αR 2 gravity, there are in general three solutions for total anisotropy x(t) possible for a given average scale factor a(t). If the function f (R) is not known a-priori, then the freedom of choosing f (R) can be traded to obtain any x(t) of our interest. Therefore, specifying a solution for the anisotropic case implies specifying both the functions a(t) and x(t).
Another important point, which we have emphasized in the last section, is that since the reconstruction equation is second order for both isotropic and anisotropic case, it yields two linearly independent solutions to the homogeneous part of the equation. Any linear combination of them is also a solution of the homogeneous part of the equation. It is always possible to choose the integration constants in a way to get any desired value of the cosmological constant and make the coefficient of R is unity.
In the present work, we have presented the formulation of the reconstruction method of f (R) gravity assuming a particular time law for the scale factor. A shortcoming of this method is that even very simple time law of the scale factor may lead to differential reconstruction equation that has very complicated f (R) solutions. It might even be impossible to find a general solution, as is the case with many of the examples we have considered. A different formulation of the reconstruction method of f (R) gravity exists in literature, which is based not on any particular time law of the scale factor, but on actual expansion parameters that can be measured from the observations[ [30] [31] [32] [33] ]. This parameters are called cosmographic parameters. They are the Hubble rate, deceleration parameter, jerk, snap and lerk parameter, which are related to the first, second, third, fourth and fifth derivative of the scale factor respectively. In terms of this measured parameters the present time law of the scale factor can be found by doing a Taylor expansion around the present value of the scale factor, which is assumed to be unity. In an f (R) cosmology the coefficients of the higher powers of R in a series expansion of f (R) can be related to these parameters. Therefore the observed values of these parameters also give bounds on the coefficients of the higher powers of R, and a series solution for f (R) can be obtained. However, this approach to reconstruct f (R) gravity has been formulated only for the isotropic case, as all the cosmographic parameters mentioned above are related to F LRW cosmology. Extension of this approach to anisotropic Bianchi-I cosmology is still not found in literature.
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